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Abst rac t  

G e n e r a l  f o r m u l a t i o n  o f  a p r o b l e m  i n v o l v i n g  a m a c r o c r a c k  

p r o p a g a t i n g  t h r o u g h  a n  area w i t h  m i c r o c r a c k s  is  c o n s i d e r e d ,  The 

a p p l i e d  a p p r o a c h  is  based o n  the s i m u l t a n e o u s  s o l u t i o n  o f  a s y s t e m  of 

s i n g u l a r  i n t e g r a l  e q u a t i o n s  

S e v e r a l  me thods  d e s c r i b e d  i n  t h e  l i t e r a t u r e  are  d i s c u s s e d  i n  

d e t a i l  and compared w i t h  o u r  a p p r o a c h .  

The s p e c i f i c  p r o b l e m  c o n s i d e r e d  r e p r e s e n t s  a m a c r o c r a c k  

a p p r o a c h i n g  a n  i n f i n i t e  t r a n s v e r s e  a r r a y  o f  m i c r o c r a c k s .  R e s u l t s  c a n  

be  used  f o r  i n t e r p r e t a t i o n  o f  t h e  m i c r o c r a c k - t o u g h e n i n g  mechanisms.  

R e s u l t s  i l l u s t r a t e  t h e  d i f f e r e n t  e f f e c t s  d u e  t o  l o a d i n g  t y p e s  i n  

mater ia ls  w i t h  t r a n s v e r s e  m i c r o c r a c k  a r r a y s  ( s t a c k s  o f  m i c r o c r a c k s )  . 
Numerical r e s u l t s  are  compared w i t h  d a t a  r e c e n t l y  a p p e a r i n g  i n  

l i t e r a t u r e  and t h e y  d e m o n s t r a t e  t h e  i m p o r t a n c e  of  t h e  a c c u r a c y  o f  t h e  

n u m e r i c a l  scheme employed. O u r  r e s u l t s  d i f f e r  b y  a f a c t o r  i n  c e r t a i n  

cases a s  compared w i t h  d a t a  g i v e n  i n  [6], 

I n t r o d u c t i o n  

An a c c u r a t e  assessment o f  t h e  t o u g h n e s s  o f  s t r u c t u r a l  m a t e r i a l s  

u s u a l l y  requires a n  e s t ima te  o f  t h e  d i s t o r t i o n  o f  t h e  a p p l i e d  (macro )  

s t ress  f i e l d  due  t o  m a t e r i a l  m i c r o d e f e c t s .  A s  a r e s u l t ,  t h e  a c t u a l  

p a r a m e t e r s  c o n t r o l l i n g  t h e  c r a c k  p r o p a g a t i o n  may d i f f e r  s i g n i f i c a n t l y  

f rom t h e  e x p e c t e d  v a l u e s  based on t h e  a p p l i e d  l o a d .  The r a t i o  K o / K a  

o f  t h e  a c t u a l  s t ress  i n t e n s i t y  f a c t o r  ( S I F )  t o  t h e  v a l u e  of  S I F  which 

is e x p e c t e d  w i t h o u t  t h e  i n f l u e n c e  o f  m i c r o d e f e c t s  c a n  be t a k e n  a s  a 

main p a r a m e t e r  c h a r a c t e r i z i n g  t h e  i n f l u e n c e  o f  t h e  m i c r o d e f e c t s  on 

mater ia l  t o u g h n e s s  i n  t h e  framework o f  t h e  f r a c t u r e  m e c h a n i c s  o f  
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b r i t t l e  m a t e r i a l s .  I n  r e f .  [ l l  t h e  i n f l u e n c e  o f  t h e  s i n g l e  d e f e c t s  

is i n v e s t i g a t e d .  

I t  i s  shown i n  1 1 1  t h a t  a p r i m a r y  e f f e c t  o f  t h e  c h a n g e  o f  t h e  

l o c a l  S I F  takes place a t  a r e l a t i v e l y  s h o r t  d i s t a n c e  from t h e  crack 

t i p  o f  t h e  m a i n  c rack  t o  t h e  l o c a t i o n  of t h e  m i c r o d e f e c t s  ( d i s t a n c e  

i n  t h e  u n i t s  o f  t h e  c h a r a c t e r i s t i c  l e n g t h  o f  t h e  d e f e c t ) .  

A d d i t i o n a l l y ,  t h e  l o c a t i o n  of  t h e  d e f e c t  h a s  a p r i n c i p a l  r o l e  i n  t h e  

o v e r a l l  e f f e c t .  Thus ,  c racks ,  v o i d s ,  and i n c l u s i o n s ,  w i t h  l o w e r  

s t i f . f n e s s  t h a n  t h e  main  m a t r i x ,  l o c a t e d  ahead  o f  t h e  m a c r o c r a c k ,  

i n c r e a s e  l o c a l  S I F .  The same d e f e c t s  b e h i n d  t h e  c r a c k  f r o n t  decrease 

l o c a l  SIF .  R i g i d  i n c l u s i o n s  o r  i n c l u s i o n s  o f  h i g h e r  s t i f f n e s s  t h a n  

t h e  m a i n  mater ia l  w i l l  a c t  i n  t h e  o p p o s i t e  d i r e c t i o n ,  However, when 

a n y  o f  t h e s e  d e f e c t s  i s  l o c a t e d  a t  a b o u t  9 0  d e g r e e s  f rom t h e  crack 

l i n e ,  t h e y  act  i n  e x a c t l y  t h e  same manner  ( e v e n  q u a n t i t a t i v e l y ) :  

t h e y  s h i e l d  t h e  ma in  c r a c k .  The a n a l y s i s  o f  t h e  i n t e r a c t i o n  of  a 

s e m i - i n f i n i t e  a r r a y  o f  c o l l i n e a r  m i c r o - c r a c k s  w i t h  t h e  m a c r o c r a c k  121 

shows, a s  p r e v i o u s l y ,  a r e l a t i v e l y  s h o r t  r a n g e  o f  t h e  i n f l u e n c e  o f  

t h e  a r r a y ,  b u t  t h e  i n t e n s i t y  o f  t h e  i n t e r a c t i o n  i s  s i g n i f i c a n t  a s  t h e  

m a c r o c r a c k  a p p r o a c h e s  t h e  a r r a y .  

The a i m  of t h i s  s t u d y  i s  a n  i n v e s t i g a t i o n  of  t h e  i n t e r a c t i o n  of  

t h e  macroc rack  w i t h  a t r a n s v e r s e  a r r a y  o f  p a r a l l e l  m i c r o c r a c k s  

( s t ack )  The p rob lem is f o r m u l a t e d  i n  terms o f  t h e  small scale 

a p p r o a c h ,  when t h e  a p p l i e d  stress f i e l d  i s  c h a r a c t e r i z e d  b y  a r e m o t e  

stress i n t e n s i t y  f a c t o r .  The f o r m u l a t i o n  c a n  be a p p l i e d  t o  a n y  

a r b i t r a r y  crack d i s t r i b u t i o n  and i t  i s  s t r a i g h t f o r w a r d .  G e n e r a l l y ,  

t h e  problem i n v o l v i n g  a f i n i t e  number of  c racks  c a n  be s o l v e d  

n u m e r i c a l l y  b y  r e d u c i n g  t h e  s y s t e m  o f  i n t e g r a l  e q u a t i o n s  t o  a s y s t e m  
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o f  l i n e a r  a l g e b r a i c  e q u a t i o n s .  The case o f  a n  i n f i n i t e  a r r a y  is  

a n a l y z e d  by a p p l y i n g  a c e r t a i n  e x t r a p o l a t i o n  t e c h n i q u e  i n  o r d e r  t o  

o b t a i n  a c o m p l e t e  e f f e c t .  

Problems o f  m u l t i c r a c k  i n t e r a c t i o n s  h a v e  b e e n  a d d r e s s e d  i n  

l i t e r a t u r e  [l-61. The a p p r o a c h  u s u a l l y  i s  d i f f e r e n t  t o  a d e g r e e ,  b u t  

t h e  bas ic  p r i n c i p l e s  a re  o f  c o u r s e  t h e  same. The d i f f e r e n c e  i n  t h e  

a p p r o a c h ,  however ,  c a n  i n f l u e n c e  t h e  a c c u r a c y  o f  t h e  n u m e r i c a l  

r e s u l t s ,  assuming a s imi la r  c o m p u t a t i o n a l  e f f o r t  i n  e a c h  case.  T h i s  

c a n  b e  d e m o n s t r a t e d  i n  t h e  f o l l o w i n g  e x a m p l e .  C o n s i d e r  t h e  

f o r m u l a t i o n  g i v e n  i n  [3]. The problem of  m u l t i p l e  c r ack  i n t e r a c t i o n  

i n  t h e  i n f i n i t e  p l a t e  is posed  a s  a s u p e r p o s i t i o n  of  a s i n g l e  crack 

homogeneous p rob lems .  The t r a c t i o n  o f  e a c h  c rack  i n c l u d e s  t h e  terms 

c o r r e s p o n d i n g  t o  t h e  r e m o t e  l o a d i n g  a n d  terms c a l l e d  

"pseudo-  t r a c t  i o n  . 'I The p s e u d o - t r a c t i o n  componen t s  r e p r e s e n t  t h e  

a d d i t i o n a l  t r a c t i o n  on e a c h  c r a c k  d u e  t o  t h e  c r a c k  i n t e r a c t i o n s .  

Thus ,  e x p a n d i n g  t h e s e  unknown components  i n  power series b y  powers  o f  

n o r m a l i z e d  l o c a l  c o o r d i n a t e s ,  t h e  a u t h o r s  reduce t h e  problem t o  a 

s y s t e m  of  l i n e a r  a l g e b r a i c  e q u a t i o n s .  The number o f  terms i n  t h e  

e x p a n s i o n  d o m i n a t e  t h e  a c c u r a c y  o f  t h e  p r o c e d u r e .  However, i t  i s  

e a s y  t o  show t h a t  t h e  e r r o r  of t h i s  c a l c u l a t i o n  w i l l  s t r o n g l y  depend  

on t h e  r e l a t i v e  d i s t a n c e  between t h e  cracks.  The s t r a i g h t f o r w a r d  way 

t o  d o  t h i s  would be t o  c o n s i d e r  t h e  c a s e  o f  N c o l l i n e a r  cracks i n  an  

i n f i n i t e  p l a n e  unde r  r emote  uniform l o a d i n g .  The r e s u l t i n g  stress 

p o t e n t i a l s  a s  p e r  [3] w i l l  b e  
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w h e r e  a i ,  c i  a r e  c o o r d i n a t e s  o f  t h e  i - t h  c r a c k  t i p s  and  cri s t a n d s  f o r  

t h e  t o t a l  complex su r face  t r a c t i o n  on i - t h  c r a c k ,  i n c l u d i n g  t h e  

pseudo- t r a c t i o n ,  oi = O 2  2 On t h e  o t h e r  hand ,  t h e  exact  

s o l u t i o n  c a n  be o b t a i n e d ,  and t h e  stress p o t e n t i a l  w i l l  have  t h e  

f o l l o w i n g  form 

+ i o l2  - ow. 

N 

c 
k = l  

J 
a k  

t - z  

uk ( t) d t  

Here uk r e p r e s e n t s  t h e  a p p l i e d  t r a c t i o n  on k - t h  c rack .  I n  t h e  case 
W 

o f  r e m o t e  l o a d i n g  uk = - u .  

T h u s ,  c o m p a r e  t h e  f o r m s  (1) a n d  ( 2 ) .  O b v i o u s l y  t h e  

" p s e u d o - t r a c t i o n "  r e p r e s e n t s  t h e  e x p a n s i o n  o f  s q u a r e  r o o t s  on t h e  

i n t e r v a l s  o u t s i d e  t h e  b r a n c h  c u t s .  However, a s  t h e  d i s t a n c e  be tween  

t h e  c racks  d e c r e a s e s ,  t h e  number o f  terms i n  t h e  e x p a n s i o n  h a s  t o  be 

i n c r e a s e d  i n  order t o  m a i n t a i n  t h e  d e s i r e d  a c c u r a c y .  N a t u r a l l y  t h e  

e x p a n s i o n  w i l l  f a i l  a s  t h e  c r a c k s  w i l l  c o i n c i d e  ( f o r  a b r a n c h e d  

c r a c k ) .  

I n  r e f .  [ 4 ]  t h e  c r a c k  o p e n i n g  d i s p l a c e m e n t  i s  t a k e n  a s  a n  

unknown f u n c t i o n  i n  r e p r e s e n t a t i o n  of  t h e  i n d i v i d u a l  p o t e n t i a l s  and 

t h e  s u p e r p o s i t i o n  p r i n c i p l e  i s  used .  B a s i c a l l y ,  t h e  f o r m u l a t i o n  is  

v e r y  c l o s e  t o  t h a t  d e s c r i b e d  a b o v e ,  a l t h o u g h  i t  is  d o n e  i n  d i f f e r e n t  

terms and i n  t h e  form a p p l i c a b l e  t o  t h r e e  d i m e n s i o n a l  p r o b l e m s .  

A s i m p l e  and e f f e c t i v e  a p p r o a c h  based on s u p e r p o s i t i o n  t e c h n i q u e  

and  i d e a s  of s e l f - c o n s i s t e n c y  was i n t r o d u c e d  i n  r e f .  [5,61. However, 
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t h e  a c c u r a c y  o f  t h i s  method has  t o  be examined and i t  w i l l  be 

d i s c u s s e d  below.  As i l l u s t r a t e d  a b o v e ,  i n  t h e  examples o f  c o l l i n e a r  

c r a c k s ,  a s u p e r p o s i t i o n  of  s i n g l e  c r a c k  s o l u t i o n s  i n  t h e  form (1) is 

n o t  a l w a y s  t h e  b e s t  way t o  s o l v e  t h e  problem o f  t h e  i n t e r a c t i o n  o f  

c l o s e l y  l o c a t e d  c r a c k s .  The form ( 2 )  c e r t a i n l y  w i l l  g i v e  better 

r e s u l t s  i n  terms of accuracy. The a l t e r n a t i v e  t o  t h e  form ( 2 )  

f o l l o w s  from t h e  t h e o r y  o f  mixed b o u n d a r y  v a l u e  p r o b l e m s  [ 8 ] .  I t  is  

w e l l  known t h a t  t h e  same f u n c t i o n  O 2 ( 2 )  c a n  be w r i t t e n  a s  

2 Here A is  a c o n s t a n t  ( A  = ( E / 4 )  ( 1 - v  ) f o r  t h e  p l a n e  s t r a i n  case) and 

b k ( t )  is a d i s l o c a t i o n  d e n s i t y  d i s t r i b u t i o n  a l o n g  t h e  c rack  ( a k , c k ) .  

The form ( 3 )  r e p r e s e n t s  t h e  g e n e r a l  case; t h e  c r a c k s  d o  n o t  have  t o  

be c o l l i n e a r .  The c o r r e s p o n d i n g  f u n c t i o n  J I '  (2) c a n  be o b t a i n e d  a s  

s u p e r p o s i t i o n  o f  d i s l o c a t i o n s  a s  w e l l .  

I n  t h e  f o l l o w i n g  s e c t i o n s  t h e  n e c e s s a r y  d e t a i l s  o f  t h e  

f o r m u l a t i o n  a re  g i v e n  and s p e c i a l  cases a re  c o n s i d e r e d .  S p e c i a l  

c o n s i d e r a t i o n  i n  t h i s  r e p o r t  i s  g i v e n  t o  t h e  a n a l y s i s  o n  a smal l  

sca le ,  meaning t h a t  m i c r o c r a c k s  s u r r o u n d  t h e  m a c r o c r a c k ,  which i s  

much l a r g e r  t h a n  m i c r o c r a c k s  and t h e r e f o r e  is  r e p r e s e n t e d  a s  a 

s e m i - i n f i n i t e  c r a c k .  Two s p e c i f i c  m i c r o c r a c k  a r r a y s  a r e  a n a l y z e d .  

W e  c o n s i d e r  t r a n s v e r s e  a r r a y s ,  s t a c k s  o f  m i c r o c r a c k s .  Type A 

c o r r e s p o n d s  t o  t h e  case when m a c r o c r a c k  i s  a l i g n e d  w i t h  o n e  of 

p e r i o d i c a l l y  d i s t r i b u t e d  m i c r o c r a c k s ,  and t y p e  B c o r r e s p o n d s  t o  t h e  

case when m a c r o c r a c k  a p p r o a c h e s  t h e  a r r a y  i n  t h e  m i d d l e  be tween  t h e  

m i c r o c r a c k s .  
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2. F o r m u l a t i o n  

As m e n t i o n e d  a b o v e ,  o u r  f o r m u l a t i o n  is b a s e d  o n  t h e  

s u p e r p o s i t i o n  o f  d i s l o c a t i o n  a r r a y s  r e p r e s e n t i n g  c r a c k s .  C o n s i d e r  

t h e  case of  a f i n i t e  number of  m i c r o c r a c k s .  I n t r o d u c e  t h e  stress 

p o t e n t i a l s  171, +(z) and $ ( z )  , s o  t h e  stress and d i s p l a c e m e n t  f i e l d s  

c a n  be represented a s  f o l l o w s  

here  K = 3-4v f o r  t h e  p l a n e  s t r a i n  c a s e  and K = ( 3 - v ) / ( l + v )  f o r  t h e  

p l a n e  s t ress  c a s e .  v is  t h e  P o i s s o n ' s  r a t i o  and p is  t h e  s h e a r  

modulus .  The  a n a l y t i c  f u n c t i o n s  + ' ( z )  and $'(z) are  c h o s e n  f o r  t h e  

case of N m i c r o c r a c k s  a s  

where $ l 0 ( z )  and $A(z) r e p r e s e n t  t h e  main  crack 
L. 

0 

- 0  

0 

and f u n c t i o n s  4 ' . ( z )  and J I ' .  ( z )  r e p r e s e n t  t h e  microcracks 
3 3 
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Here k = p / ( k + l ) ,  gj(s) r e p r e s e n t s  t h e  d i s l o c a t i o n  d e n s i t y  

d i s t r i b u t i o n  a l o n g  t h e  m i c r o c r a c k s  and G1( t) is t h e  d i s l o c a t i o n  

d e n s i t y  a l o n g  t h e  macroc rack .  The n o t a t i o n s  a l o n g  t h e  m i c r o c r a c k s  

are  i l l u s t r a t e d  i n  F ig .  1. 

The t r a c t i o n  f r e e  c o n d i t i o n s  on t h e  c r ack  s u r f a c e s  lead t o  a 

s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  f o r  d e t e r m i n a t i o n  o f  t h e  

unknown d i s l o c a t i o n  d e n s i t y  f u n c t i o n s .  These  c o n d i t i o n s  a r e  

z )  = 0 

a nd 

on t h e  j - t h  m i c r o c r a c k .  A d d i t i o n a l l y ,  t h e  c o n d i t i o n s  o f  s i n g l e  

v a l u e d  d i s p l a c e m e n t  have  t o  be s t a t e d .  T h i s  c o n d i t i o n ,  a s  i n  t h e  

case o f  m u l t i p l y  c o n n e c t e d  r e g i o n s ,  i s  r e d u c e d  t o  close c o n t o u r  

i n t e g r a l s .  The  c o n t o u r s  h a v e  t o  be c h o s e n  s u r r o u n d i n g  e a c h  

m i c r o c r a c k .  Thus one  w i l l  o b t a i n  N a d d i t i o n a l  e q u a t i o n s  which  a r e  

reduced t o  

1 

g j ( s )  d s  = 0, j = 1,2,..,N. J 
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The homogeneous s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  o f  t h e  f i r s t  

k i n d  o b t a i n e d  above  h a s  a f a m i l y  o f  s o l u t i o n s .  The s u p p l e m e n t a r y  

c o n d i t i o n s  (10) a p p l y  t o  f i n i t e  i n t e r v a l s  o n l y .  For t h e  

s e m i - i n f i n i t e  i n t e r v a l  a n  a d d i t i o n a l  c o n d i t i o n  h a s  t o  be s t a t e d .  As 

d i s c u s s e d  i n  [l], t h e  s i n g u l a r  i n t e g r a l  e q u a t i o n  o f  t h e  f i r s t  k i n d  on 

a s e m i - i n f i n i t e  i n t e r v a l  r e q u i r e s  a s t a b i l i z i n g  t e r m ;  namely ,  t h e  

terms of  t h e  o r d e r  O ( t  -'I2) a s  t + OD h a v e  t o  be s p e c i f i e d  up t o  a 

m u l t i p l e  c o n s t a n t  a s  a p a r a m e t e r  of  t h e  p rob lem.  

P h y s i c a l l y ,  f o r  t h e  c o n s i d e r e d  c a s e  i t  c o r r e s p o n d s  t o  a 

d e s c r i p t i o n  of t h e  r e m o t e l y  a p p l i e d  s t ress .  Thus t h e  d i s l o c a t i o n  

d e n s i t y  h a s  t o  be t a k e n  i n  t h e  form 

Gl(t) = G ( t )  - E, / 2 A f i t  
t + -  OD 

a nd 

) *  t + -a. 
-1/2 G ( t )  = o ( t  

S u b s t i t u t i n g  (11) i n t o  (6), t h e n  
0 

OD 
K 

o o ( z )  = - d t  + 
2 6  

and 

KOD here  is t h e  remote  ( a p p l i e d )  ' s t ress  i n t e n s i t y  f a c t o r .  Of c o u r s e f  

terms c o r r e s p o n d i n g  t o  a r emote  stress f i e l d  d o  n o t  p r o d u c e  t r a c t i o n  
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on t h e  m a c r o c r a c k  sur faces .  T h e  r e s u l t i n g  s y s t e m  w i t h  p o t e n t i a l s  9, 

and 6, i n  t h e  form ( 1 3 )  and (14) w i t h  r e s t r i c t i o n  ( 1 2 )  is  c o m p l e t e  

and has a un ique  s o l u t i o n .  

F o l l o w i n g  t h e  t h e o r y  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s  [ 8 ]  and 

u s i n g  t h e  n u m e r i c a l  t e c h n i q u e  based  on Gauss-Chebyshev q u a d r a t u r e  [ 9 ]  

o n e  r e p r e s e n t s  unknown f u n c t i o n s  a s  

G ( t )  = a ( u ) d g  (-1 < u < 1) 

and 

g j ( s )  = - (-1 < s < 1). 
liz 

j = 1 , 2 . . . , N  

C o n d i t i o n  ( 1 2 )  becomes 

a(-1) = 0 ( 1 7 )  

The n u m e r i c a l  p r o c e d u r e  is  based  on  d i s c r e t i z a t i o n  o f  t h e  i n t e g r a t i o n  

i n t e r v a l  by t h e  n o d e s  o f  Chebyshev p o l y n o m i a l  o f  t h e  f i r s t  k i n d  f o r  

t h e  dummy v a r i a b l e  and t h e  second k i n d  f o r  t h e  v a r i a b l e  on t h e  r i g h t  

hand side. The v a l u e  o f  i n t e r e s t  here is t h e  r a t i o  of  t h e  a c t i n g  SIF 

a t  t h e  m a c r o c r a c k  t o  a r emote  SIF. 

K o / K a D  = 1 - i a(1) A/K=. ( 1 8 )  

For t h e  v a l u e s  o f  a ( u )  a t  u=-1 and u = l  Lagrange  f o r m u l a s  f o r  t h e  

Chebyshev p o l y n o m i a l s  were used .  

3 .  Numer ica l  R e s u l t s  

The f o r m u l a t i o n  a b o v e  is  d i f f e r e n t  from t h e  p r e v i o u s l y  u s e d  

m e t h o d s  o f  s o l u t i o n  o f  crack i n t e r a c t i o n  p rob lems .  The d i f f e r e n c e  i s  

n o t  s i g n i f i c a n t  i n  i t s  b a s i s ,  b u t  more o r  less i n  i t s  t e c h n i c a l  
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a s p e c t s .  The m a i n  f e a t u r e  o f  t h e  a b o v e  a p p r o a c h  i s  s i m u l t a n e o u s  

s o l u t i o n  o f  a l a r g e  s y s t e m  o f  s i n g u l a r  i n t e g r a l  e q u a t i o n s .  The re  is  

no i n f l u e n c e  type  f u n c t i o n  f o r  p a r t i c u l a r  b o u n d a r y  c o n d i t i o n s  i n  t h i s  

f o r m u l a t i o n ;  n o n e  o f  t h e  c o n d i t i o n s  h a s  t o  be s a t i s f i e d  w i t h  

p r e f e r  ab 1 e a c c  u r  ac y . The n u m e r i c a l  a c c u r a c y  i s  u n i f o r m  and is 

c o n t r o l l e d  b y  t h e  number o f  nodes  ( o r l  i n  o t h e r  w o r d s ?  b y  t h e  o r d e r  

o f  t h e  a p p r o x i m a t i n g  p o l y n o m i a l )  o n  a p a r t i c u l a r  i n t e g r a t i o n  

So, L w i l l  c o r r e s p o n d  t o  a number o f  n o d e s  on  j - t h  i n t e r v a l .  

m i c r o c r a c k  and Lo w i l l  s t a n d  f o r  t h e  number o f  n o d e s  on  t h e  

m a c r o c r a c k .  The case L =2 w i l l  s i m p l i f y  i n t e g r a l s  ( 7 ) ,  and u s i n g  

Gauss-Chebyshev i n t e g r a t i o n  f o r m u l a  o n e  c a n  o b t a i n  a s i m p l e  a l g e b r a i c  

s y s t e m  v e r y  similar t o  one  used i n  [5,61. 

j 

j 

i )  C o l l i n e a r  Cases 

The  t e s t  cases  f o r  o u r  f o r m u l a t i o n  were t h e  p r o b l e m s  o f  

c o l l  inear  mac r o c r  ack-m ic  r o c r  a c  k i n t e r a c t  i o n  and  m a c r o c r  ack-  semi- 

i n f i n i t e  a r r a y  i n t e r a c t i o n s .  The f i r s t  case is s o l v e d  e x a c t l y  and  

t h e  second  i s  s o l v e d  b y  u s i n g  a c o m p l e t e l y  d i f f e r e n t  t e c h n i q u e  i n  

[21 .  The n u m e r i c a l  s o l u t i o n  f o r  t h e  case o f  a s i n g l e  crack compares  

w e l l  w i t h  t h e  e x a c t  s o l u t i o n .  F o r  t h e  d i s t a n c e  b e t w e e n  t h e  

m a c r o c r a c k  t i p  and t h e  c l o s e s t  t i p  o f  m i c r o c r a c k  h i g h e r  t h a n  0 .021  

( i n  t h e  u n i t s  of a m i c r o c r a c k  l e n g t h ) ,  t h e  e r r o r  is  be low 0 . 3 %  w i t h  a 

r e l a t i v e l y  low number o f  n o d e s  used  i n  t h e  c o m p u t a t i o n s .  Fo r  h i g h e r  

v a l u e s  of t h i s  d i s t a n c e  t h e  e r r o r  i s  r a p i d l y  d e c r e a s i n g .  The d a t a  o f  

t h i s  compar i son  is  g i v e n  i n  Table  1. I n  t a b l e  1, t h e  d a t a  

c o r r e s p o n d i n g  t o  a s e m i - i n f i n i t e  m i c r o c r a c k  a r r a y  i s  g i v e n  as  w e l l .  

1 0  



T h e  numerical s o l u t i o n  o f  t h e  problem d e a l i n g  w i t h  a n  i n f i n i t e  

number o f  c racks  i s  s i m p l i f i e d  by u s i n g  t h e  effect  o f  t h e  o r d e r  o f  

m i c r o c r a c k  d i s t r i b u t i o n .  As a r e s u l t ,  w e  s e e k  t h e  d i f f e r e n c e  be tween  

d i s l o c a t i o n  d e n s i t y  d i s t r i b u t i o n  f u n c t i o n s  of t h e  n e i g h b o r i n g  cracks 

i n s t e a d  of t h e  f u n c t i o n  i t s e l f .  T h i s  d i f f e r e n c e  a p p r o a c h e s  t o  z e r o  

fas te r  t h a n  t h e  d i s l o c a t i o n  d e n s i t y  f u n c t i o n .  T h e r e f o r e ,  a number o f  

e q u a t i o n s  i n  t h e  s y s t e m  c a n  b e  r educed .  Thus w e  t a k e  i n  ( 1 6 )  

A d d i t i o n a l l y ,  s o l u t i o n  of  t h e  problem on a small scale is a s s o c i a t e d  

w i t h  d e c a y i n g  r emote  s t ress  a s  1/ z ,  so  t h e  d i s l o c a t i o n  d e n s i t y  on  

t h e  cracks l o c a t e d  a t  s u f f i c i e n t  d i s t a n c e  from t h e  ma in  crack can  be 

expected t o  d e c a y  a s  

I n c o r p o r a t i o n  o f  (19 )  and (20 )  i n t o  t h e  n u m e r i c a l  p r o c e d u r e  a l l o w s  

o n e  t o  r e d u c e  t h e  number of e q u a t i o n s  and a t  t h e  same t i m e  t o  k e e p  

t h e  e f f ec t  o f  d i s t a n t  m i c r o c r a c k s  p r e s e n t .  The r e su l t s  g i v e n  i n  

Table  1 c o r r e s p o n d  t o  N=15 (number o f  A B k  e v a l u a t e d )  b u t  t h e  t o t a l  

number o f  m i c r o c r a c k s  t a k e n  i n t o  a c c o u n t  u s i n g  ( 2 0 )  is up  t o  200 .  

The r e s u l t s  i n  Table  1 i n d i c a t e  a n  e x c e l l e n t  c o n s i s t e n c y  o f  t h e  

n u m e r i c a l  s e q u e n c e  and i n d i c a t e  m a i n l y  t h e  i n f l u e n c e  o f  t h e  number o f  

n o d e s  c h o s e n  i n  t h e  p r o c e d u r e .  

( i i )  Macrocrack  i n t e r a c t i o n  w i t h  a n  a r r a y  o f  p a r a l l e l  

m a c r o c r a c k s .  As ment ioned  above,  t h e  numerical t e c h n i q u e  o u t l i n e d  
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h e r e  c a n  be a p p l i e d  t o  a n  a r b i t r a r y  c rack  d i s t r i b u t i o n .  I n  t h i s  

r e p o r t  w e  focus  o u r  a t t e n t i o n  on t h e  c a s e s  o f  p a r a l l e l  m i c r o c r a c k  

a r r a y s  ( s t acks  o f  m i c r o c r a c k s )  t r a n s v e r s e  t o  a m a c r o c r a c k .  W e  

c o n s i d e r  two t y p e s  o f  p a r a l l e l  m i c r o c r a c k  d i s t r i b u t i o n s .  The a r r a y  

of t y p e  A h a s  a m i c r o c r a c k  on t h e  x - a x i s  c o n t r a r y  t o  t y p e  B. Both 

a r r a y s  a r e  symmetric w i t h  r e s p e c t  t o  t h e  a x i s  and a r e  e q u a l l y  s p a c e d  

w i t h  a p i t c h  p.  Thus i n  b o t h  cases ek=o and i n  t h e  case A 

a k  = d + 3 + i p k  

and i n  t h e  c a s e  B 

a k + i p  a k  = d + 

in ( 2 1 )  and ( 2 2 )  k = . . . , - 3 , - 2 , - 1 , 0 , 1 , 2 , 3  ,... The symmetry o f  t h e  

p r o b l e m  r e d u c e s  t h e  number  o f  unknown f u n c t i o n s  b y  u s i n g  t h e  

f ol 1 owing re1 a t i o n s  : 

( s )  = - g k ( s )  f o r  Mode I l o a d i n g  and 9-k 

g , k ( s )  = g k ( s )  f o r  Mode I1 l o a d i n g .  

As g u i d i n g  cases, w e  c o n s i d e r  t h e  cases o f  t h r e e  p a r a l l e l  cracks 

f o r  t y p e  A and two c racks  f o r  t y p e  B. These  cases were s t u d i e d  i n  

o r d e r  t o  d e t e r m i n e  t h e  r e g i o n s  o f  s i g n i f i c a n t  i n f l u e n c e  o f  t h e  

m i c r o c r a c k  on t h e  stress i n t e n s i t y  f a c t o r  a t  t h e  m a i n  crack.  Thus ,  

w e  found t h a t  a t  t h e  r a t i o  of  p /a>14 - ( p  h e r e  is t h e  d i s t a n c e  from t h e  

m i c r o c r a c k  t o  x a x i s )  t h e  e f f ec t  o f  two m i c r o c r a c k s  ( o u t s i d e  i n  t h e  

case A )  is less t h a n  0.1%, r e g a r d l e s s  o f  t h e  d i s t a n c e  r a t i o  d /k .  I n  

o u r  c a l c u l a t i o n s ,  i n f i n i t e  a r r a y s  a r e  modeled b y  a r r a y s  o f  h a l f  

l e n g t h  Nc = 1 5  f o r  P/a>l.O ( p  now is  t h e  p i t c h  o f  t h e  m i c r o c r a c k  

d i s t r i b u t i o n )  and Nc=30 f o r  ~ / a < l . O .  A d d i t i o n a l l y ,  i n  o r d e r  t o  
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o b t a i n  resu l t s  w i t h  un i fo rm a c c u r a c y ,  t h e  number o f  n o d e s  on e a c h  

m i c r o c r a c k  i s  c h o s e n  i n  r e l a t i o n  t o  t h e  d i s t a n c e  o f  t h e  a r r a y  from 

t h e  m a c r o c r a c k  t i p .  For  example ,  f o r  t h e  smaller v a l u e s  o f  d / a ,  l i k e  

d / a<0 .05  w e  used  11 n o d e s  on  each  microcrack and  a s m a l l e r  number o f  

nodes  f o r  t h e  l a r g e r  r a t i o  a /&.  The minimum number o f  nodes  used  was 

7. 

The r e s u l t s  f o r  t h e  i n f i n i t e  m i c r o c r a c k  a r r a y  o f  t y p e  A a r e  

g i v e n  i n  F i g .  2 and  3 ,  f o r  t h e  l o a d i n g  modes I and I 1  r e s p e c t i v e l y .  

The c o r r e s p o n d i n g  r e s u l t s  f o r  t h e  a r r a y  o f  t y p e  B a r e  g i v e n  i n  F i g .  4 

and 5. W e  compare  r e s u l t s  o b t a i n e d  h e r e  f o r  t h e  a r r a y s  w i t h  t h e  d a t a  

g i v e n  for a s i n g l e  c rack  a l o n g  t h e  c r a c k  l i n e  121 i n  case A ( a n d  B 

when a p p l i c a b l e :  d W )  and t h e  case B i s  compared w i t h  t h e  case o f  

two p a r a l l e l  m i c r o c r a c k s  e q u a l l y  d i s t a n t  from t h e  crack l i n e .  

The main f e a t u r e  o f  t h e  e f f e c t  p roduced  by  t h e  t r a n s v e r s e  a r r a y  

i s  t h e  s h i e l d i n g  e f f e c t  o f  t h e  r e m o t e  m i c r o c r a c k s .  A s  d e m o n s t r a t e d  

i n  [ 7 ]  b y  a n a l y z i n g  t h e  s o l u t i o n  f o r  a n  a r b i t r a r y  p o s i t i o n e d  

m i c r o c r a c k  i n  t h e  v i c i n i t y  o f  t h e  m a c r o c r a c k  t i p ,  t h e  e f f e c t  on  t h e  

r e s u l t i n g  S I F  d e p e n d s  on t h e  a n g u l a r  p o s i t i o n  o f  t h e  m i c r o c r a c k  and 

on its o r i e n t a t i o n .  T h i s  d a t a  o b s e r v a t i o n  is s u p p o r t e d  by a n  

a p p r o x i m a t e  a n a l y s i s  g i v e n  i n  [lo]. M i c r o c r a c k s  w i t h  p o s i t i o n a l  

a n g l e  h i g h e r  t h a n  6 2  d e g .  w i l l  p r o d u c e  a s h i e l d i n g  e f f e c t .  Thus f o r  

t h e  t r a n s v e r s e  a r r a y  t h e r e  w i l l  a l w a y s  be a p o r t i o n  t h a t  w i l l  a c t  a s  

a s h i e l d .  The e f f e c t i v e n e s s  o f  t h e  s h i e l d i n g  d e p e n d s  o n  t h e  r a t i o  

d / a .  A s  e v i d e n t  from t h e  p r e s e n t e d  d a t a ,  t h e  c racks  l o c a t e d  c l o s e r  

t o  t h e  m a i n  c r a c k  d o m i n a t e  t h e  r e s u l t i n g  i n t e r a c t i o n  e f f e c t .  

P r a c t i c a l l y  ( w i t h i n  1-5% a c c u r a c y )  o n l y  3 - 4  f i r s t  m i c r o c r a c k s  i n  e a c h  

h a l f  p l a n e  c o n t r o l  t h e  o v e r a l l  r e s u l t .  
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4. Concluding  R e m a r k s  

A s i m p l e  a p p r o a c h  based on t h e  s o l u t i o n  o f  a s y s t e m  of  i n t e g r a l  

e q u a t i o n s  was a p p l i e d  t o  a problem o f  a macrocrack q u a s i - s t a t i c a l l y  

p r o p a g a t i n g  th rough  a n  a r r a y  o f  p a r a l l e l  m i c r o c r a c k s  ( s t a c k  o f  

m i c r o c r a c k s ) .  T h i s  a n a l y s i s  was aimed a t  e v a l u a t i n g  a n  e f f e c t  o f  

m i c r o c r a c k i n g  on o v e r a l l  ma te r i a l  t o u g h n e s s .  The method and t h e  

n u m e r i c a l  f o r m u l a t i o n  were c a r e f u l l y  examined i n  cases w i t h  known 

s o l u t i o n s  and were found t o  be h i g h l y  a c c u r a t e .  As e x p l a i n e d  i n  t h e  

i n t r o d u c t i o n ,  t h e  number o f  nodes  t a k e n  i n t o  t h e  n u m e r i c a l  scheme or  

t a k e n  i n t o  a c c o u n t  f o r  t h e  d e v e l o p m e n t  o f  s i m p l i f i e d  t e c h n i q u e s  h a s  a 

s i g n i f i c a n t  impact  on t h e  f i n a l  resu l t s .  For  example ,  o u r  r e s u l t s  i n  

Some r e g i o n s  a r e  s i g n i f i c a n t l y  d i f f e r e n t  from t h e  d a t a  p r e s e n t e d  by 

Kachanov and Montagut [6] i n  s i m i l a r  g e o m e t r i e s .  Thus,  i n  t h e  case 

o f  a m a c r o c r a c k  a p p r o a c h i n g  two p a r a l l e l  c r a c k s ,  t h e  m a x i m a l  

s h i e l d i n g  e f f e c t  a c c o r d i n g  t o  [ 6 ]  i s  a b o u t  2 5 % .  I n  o u r  c o m p u t a t i o n s  

t h e  same geometry  w i l l  y i e l d  7 7 %  s h i e l d i n g .  S i m i l a r l y ,  c a s e s  o f  t h e  

i n f i n i t e  a r r a y s  g i v e  d i f f e r e n t  r e s u l t s .  E v i d e n t l y ,  t h e  n u m e r i c a l  

a p p r o a c h  used in  [6] w i l l  g i v e  bet ter  resu l t s  f o r  g e o m e t r i e s  when 

cracks do n o t  o v e r l a p  e a c h  o t h e r ,  o r  spread a t  l a r g e r  d i s t a n c e s .  

The o v e r a l l  r e s u l t s  o f  t h i s  s t u d y  d e m o n s t r a t e  t h e  s i g n i f i c a n t  

e f f e c t  o f  m i c r o c r a c k  s h i e l d i n g  ( r e d u c t i o n  o f  t h e  a c t u a l  v a l u e  o f  t h e  

stress i n t e n s i t y  f a c t o r  w i t h  respect t o  o n e  r e m o t e l y  a p p l i e d )  . Two 

modes I and I1 were examined and found t o  have  somewhat d i f f e r e n t  

effects .  I f  one c a n  c o n s i d e r  s u c h  f a c t o r s  a s  s t a b i l i t y  of  t h e  

s h i e l d i n g  e f f e c t ,  which would depend on  g e o m e t r i c a l  d e v i a t i o n s  of  t h e  

c o n s i d e r e d  c o n f i g u r a t i o n ,  and  s e c o n d l y  o n  t h e  w i d t h  o f  t h e  r e g i o n  

w i t h  q u a l i t a t i v e l y  s i m i l a r  e f f e c t .  The  f i r s t  f a c t o r  was  n o t  
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c o n s i d e r e d  h e r e  b u t  c e r t a i n l y  is e x p e c t e d  t o  be r e l a t ed  t o  t h e  

second .  The second  f a c t o r  can be j u d g e d  by o b s e r v i n g  resu l t s ,  and  i t  

is e v i d e n t  t h a t  mode I g i v e s  s t a b l e  s h i e l d i n g  and  mode I1 d o e s  n o t .  

I n  t h e  case o f  mode I1  w e  h a v e  two r e g i o n s ,  s h i e l d i n g  a n d  

a n t i s h i e l d i n g ,  v e r y  c l o s e  t o  each  o t h e r ,  and t h e r e f o r e  t h e  t o t a l  

s h i e l d i n g  effect  h a r d l y  c a n  be e x p e c t e d  i n  a p r a c t i c a l  s i t u a t i o n .  

Thus Mode I c a n  be c h a r a c t e r i z e d  b y  r e d u c t i o n  o f  t h e  a p p l i e d  stress 

i n t e n s i t y  f a c t o r  b y  80% w h i c h  would l e a d  t o  a m a t e r i a l  t o u g h n e s s  

i n c r e a s e  o f  f o u r  t i m e s .  

The Mode I1 o n  t h e  o t h e r  hand c a n  n o t  c la im a s t ab le  s h i e l d i n g  

effect .  I f  i n  t h e  Mode I case t h e  crack a d v a n c e s  toward  t h e  s t a c k  of 

m i c r o c r a c k s  w i l l  be s t i m u l a t e d  by t h e  m i c r o c r a c k  up t o  t h e  p o i n t  when 

t h e y  o v e r l a p  w i t h  t h e  macroc rack  and t h e n  s t a b l e  s h i e l d i n g  t a k e s  

place; i n  t h e  case o f  Mode I1 a f t e r  s i m i l a r  d e v e l o p m e n t ,  t h e  n e x t  

r e g i o n  w i l l  s t i l l  s t i m u l a t e  c r a c k  g r o w t h  and s o  s l i g h t  d e v i a t i o n  o f  

t h e  m a c r o c r a c k  t i p  from t h e  s h i e l d i n g  zone  w i l l  s t i l l  s t i m u l a t e  c r a c k  

g rowth .  T h i s  e f f ec t  c a n  e x p l a i n  d i f f e r e n t  t o u g h n e s s  o f  p o r o u s  

ma te r i a l s  when t h e y  a r e  s u b j e c t e d  t o  s h e a r  stresses. 
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Table  1. SIF f o r  a S i n g l e  C r a c k  and S e m i - I n f i n i t e  Array D i s t r i b u t e d  
Along  x - a x i s .  

d is d i s t a n c e  between m a c r o c r a c k  and f i r s t  c r a c k  i n  t h e  a r r a y ,  p i s  
t n e  pitcn of  t h e  c rack  d i s t r i b u t i o n .  
tne m a c r o c r a c k .  L is  number o f  n o d e s  on e a c h  microcrack  and  N i s  
t n e  number of micracracks f o r  which A S k ( s )  is e v a l u a t s d .  

Lo is t h e  number of  noded  on on  
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